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The energy of a graph G is the sum of the absolute values of the
eigenvalues of the adjacency matrix of G. A caterpillar is a tree in
which the removal of all pendant vertices makes it a path. Let d  3
and n  2(d − 1). Let p = [p1, p2, . . . , pd−1] with p1  1, p2 
1, . . . , pd−1  1 such that
p1 + p2 + · · · + pd−1 = n − d + 1.
LetC(p)be the caterpillar obtained fromthe stars Sp1+1, Sp2+1, . . . ,
Spd−1+1 and the path Pd−1 by identifying the root of Spi+1 with the i-
vertex of Pd−1. The line graph of C(p), denoted byL(C(p)), becomes
a sequence of cliquesKp1+1, Kp2+2, . . . , Kpd−2+2, Kpd−1+1, in this or-
der, such that two consecutive cliques have in common exactly one
vertex. In this paper, we characterize the eigenvalues and the energy
of L(C(p)). Explicit formulas are given for the eigenvalues and the
energy of L(C(a)) where a = [a, a, . . . , a]. Finally, a lower bound
and an upper bound for the energy of L(C(p)) are derived.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a simple undirected graph on n vertices. The Laplacian matrix of G is the n × n matrix
L(G) = D(G)−A(G)where A(G) is the adjacencymatrix of G andD(G) is the diagonalmatrix of vertex
degrees. It is well known that L(G) is a positive semi-definite matrix and that (0, e) is an eigenpair
of L(G) where e is the all ones vector. Fiedler [7] proved that G is a connected graph if and only if the
second smallest eigenvalue of L(G) is positive. This eigenvalue is called the algebraic connectivity of G
and it is denoted by a(G). There aremany papers concerning the Laplacianmatrix and still it is studied
extensively. The matrix L+(G) = D(G) + A(G) is called the signless Laplacian matrix of G. The eigen-
values of A(G), L(G) and L+(G) are called the eigenvalues, the Laplacian eigenvalues and the signless
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Laplacian eigenvalues of G, respectively. Recent papers on L+(G) are [1–5]. It is known that L+(G) is
a positive semidefinite matrix and if G is a bipartite graph then L+(G) and L(G) have the same char-
acteristic polynomial [1,12,13]. Moreover, the smallest signless Laplacian eigenvalue of a connected
graph is equal to 0 if and only if the graph is bipartite, and, in this case 0 is a simple eigenvalue.
The line graph of G is the graph L(G) whose vertex set is in one-to-one correspondence with the
set of edges of G where two vertices of L(G) are adjacent if and only if the corresponding edges in G
have a vertex in common [10]. For instance, the line graph of the star Sn on n vertices is the complete
graph Kn−1 on (n − 1) vertices.
The energy of G, denoted by E(G), is equal to the sum of the absolute values of its eigenvalues
and the energy of a matrix M [14], denoted by E(M), is equal to the sum of its singular values. In [9],
relations between the energy of the line graph of G and the energies associated with the Laplacian and
signless Laplacian matrices of G are established.
If G is a graphwith n vertices andm edges, the incidencematrix of G is the n×mmatrix I(G)whose
(i, j)-entry is 1 if vi is incident to ej and 0 otherwise. It is well known [1,12,13] that
I(G)I(G)T = D(G) + A(G) = L+(G)
and
I(G)T I(G) = 2Im + A(L(G)),
where Im is the identity matrix of orderm × m.
Since AB and BA have the same nonzero eigenvalues for matrices A and B of the appropriate order
[18], I(G)I(G)T and I(G)T I(G) have the same nonzero eigenvalues. An immediate consequence of the
above facts is the following lemma.
Lemma1. If G is a bipartite graph and ifλ is a nonzero Laplacian eigenvalue of G thenλ−2 is an eigenvalue
of L(G).
We recall that a tree is a connected acyclic graph and any tree is a bipartite graph.
Corollary 1. If T is a tree then −2 is not an eigenvalue of L(T).
Proof. Let T be a tree with n vertices. Then T is a bipartite graph with n − 1 edges and 0 is a simple
Laplacian eigenvalue. It follows that the eigenvalues of L(T) are λ − 2 where λ is a nonzero Laplacian
eigenvalue of T . Hence λ − 2 = −2. 
Let Pn be a path on n vertices and Sp+1 be a star on (p + 1) vertices. A caterpillar is a tree
in which the removal of all pendant vertices makes it a path. Let p = [p1, p2, . . . , pd−1] where
p11, p21, . . . , pd−11. Throughout this paper C(p) is the caterpillar obtained from the stars
Sp1+1, Sp2+1, . . . , Spd−1+1 and the path Pd−1 by identifying the root of Spi+1 with the i-vertex of
Pd−1. Let
C = {C(p) : p1 + p2 + · · · + pd−1 = n − d + 1}.
Observe that C(p) ∈ C is a tree on n vertices and diameter d.
Example 1. Consider the caterpillar C(3, 2, 4):
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Its line graph is
L(C(3, 2, 4)) is a sequence of the cliques K4, K4 and K5 in which K4 and K4 are joined by the vertex e
and K4 and K5 by the vertex f .
In general, if p = [p1, p2, . . . , pd−1] then L(C(p)) is the sequence of cliques Kp1+1, Kp2+2, . . . ,
Kpd−2+2, Kpd−1+1, in this order, such that two consecutive cliques have in common exactly one vertex.
In this paper, we characterize the eigenvalues and the energy of L(C(p)). Explicit formulas are
given for the eigenvalues and energy of L(C(a)) where a = [a, a, . . . , a]. Finally, a lower bound and
an upper bound for the energy of L(C(p)) are derived. The numerical results are given to 4 decimal
places.
2. Eigenvalues and energy of L(C(p))
We recall the following lemma.
Lemma 2 [8, Corollary 4.2]. Let v be a pendant vertex of the graph G˜. Let G be the graph obtained from G˜
by removing v and its edge. Then the eigenvalues of L(G) interlace the eigenvalues of L(G˜).
From Lemma 2, it follows
Corollary 2. Let T be a subtree of the tree T˜ . Then
a(T˜)  a(T).
A generalized Bethe tree is a rooted tree in which vertices at the same distance from the root have
the same degree. In [15], we characterize completely the Laplacian eigenvalues of the tree Pm{Bi}
obtained from the path Pm andm generalized Bethe trees B1, B2, . . . , Bm by identifying the root of Bi
with the i − th vertex of Pm. This is the case for the caterpillar C(p) in which the path is Pd−1 and the
(d − 1) generalized Bethe trees are the stars Spi+1 (1  i  d − 1).
Thus we may apply the results in [15] to characterize the eigenvalues of C(p). Let
A(x) =
⎡
⎣ 1 √x√
x x + 1
⎤
⎦ , B(x) =
⎡
⎣ 1 √x√
x x + 2
⎤
⎦ and F =
⎡
⎣ 0 0
0 1
⎤
⎦
and let σ(A) be the set of eigenvalues of a matrix A.
From Theorem 2 in [15], we get
Lemma 3. Let pj  1 for 1  j  d − 1. Then the Laplacian eigenvalues of C(p) are 1 with multiplicity∑d−1
i=1 pi − d + 1 and the eigenvalues of the (2d − 2) × (2d − 2) matrix
G(p) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
A(p1) F
F B(p2) F
F
. . .
. . .
. . . B(pd−2) F
F A(pd−1)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Corollary 3. (a)The exact multiplicity of 1 as a Laplacian eigenvalue of C(p) is
∑d−1
i=1 pi − d + 1.
(b) The spectral radius of C(p) is the spectral radius of G(p).
(c) The algebraic connectivity of C(p) is the smallest positive eigenvalue of G(p).
Proof. (a) The order of C(p) is n = d − 1 + ∑d−1i=1 pi. An easy computation shows that det(G(p) −
I2(d−1)) = (−1)d−1p1p2 · · · pd−1 = 0. Hence 1 is not an eigenvalue of G(p) and thus n− (2d − 2) =∑d−1
i=1 pi − d + 1 is the exact multiplicity of 1 as a Laplacian eigenvalue of C(p).
(b)G(p) is a irreduciblenonnegativematrix such that its rowsumsarenot all equal and itsminimum
row sum is strictly greater than 1. Then, from the Perron–Frobenius Theory for nonnegative matrices
[17], the spectral radius of G(p) is strictly greater than 1. This fact and Lemma 3 imply (b).
(c) Clearly C(1, 1) is a subtree of any C(p). From Lemma 2, we get a(C(p))  a(C(1, 1)). Observe
that C(1, 1) is isomorphic to P4. Then a(C(1, 1)) is the smallest positive eigenvalue of L(P4). It is well
know that the Laplacian eigenvalues of P4 are, in increasing order,
αj = 2 + 2 cos (5 − j)π
4
, j = 1, 2, 3, 4.
In particular, a(C(1, 1)) = α2 = 2 + 2 cos (5−2)π4 = 2 −
√
2 < 1. Hence a(C(p)) < 1. This result
and Lemma 3 imply (c). 
Consequently
Theorem 1. Let pj  1 for 1  j  d − 1. Then
(a) The eigenvalues of L(C(p)) are −1 with exact multiplicity ∑d−1i=1 pi − d + 1 and {λ − 2 : λ ∈
σ(G(p)), λ > 0}.
(b) The largest eigenvalue of L(C(p)) ismax{λ : λ ∈ σ(G(p))} − 2.
(c) The smallest eigenvalue of L(C(p)) is a(C(p)) − 2.
(d) The line energy of C(p) is
E(L(C(p))) =
d−1∑
i=1
pi − d + 1 +
∑
λ∈σ(G(p)),λ>0
|λ − 2|.
We next theorem gives a sharp upper bound on the smallest eigenvalue of L(C(p)), C(p) ∈ C.
Theorem 2. If C(p) ∈ C then
a(C(p)) − 2  g(σ ), (1)
g(σ ) = 1
2
(σ −
√
σ 2 + 4σ + 8),
σ = 2 cos (d − 2)π
d − 1 .
If d is even then
a(C(p˜)) − 2 = g(σ ) (2)
where
p˜ = [1, . . . , 1, p˜ d
2
, 1, . . . , 1],
p˜ d
2
= n − 2d + 3
and C(p˜) is the unique caterpillar in C attaining the upper bound (1). If d is odd this upper bound cannot
be achieved.
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Proof. From Theorem 3 in [16], we have
a(C(p))  f (σ ),
f (σ ) = 1
2
(4 + σ −
√
σ 2 + 4σ + 8),
σ = 2 cos (d − 2)π
d − 1 .
If d is even then
a(C(p˜)) = f (σ ),
where
p˜ = [1, . . . , 1, p˜ d
2
, 1, . . . , 1],
p˜ d
2
= n − 2d + 3
and C(p˜) is the unique caterpillar in C attaining the upper bound. If d is odd then the upper bound
cannot be achieved. From these results and Theorem 1, both (1) and (2) are immediate. 
Example 2. For the graph L(C(3, 2, 4)), we have d − 1 = 3, p1 = 3, p2 = 2 and p3 = 4. Then−1 is an eigenvalue of L(C(3, 2, 4)) with multiplicity 6. The other eigenvalues of L(C(3, 2, 4)) are
eigenvalues of
G(3, 2, 4) − 2I6 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 √3 0 0 0 0√
3 2 0 1 0 0
0 0 −1 √2 0 0
0 1
√
2 2 0 1
0 0 0 0 −1 √4
0 0 0 1
√
4 3
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
except for −2. They are: −1.8103, −1.4852, 1.6874, 3.2007, 4.4074. Then the energy of
L(C(3, 2, 4)) is
6 + 1.8103 + 1.4852 + 1.6874 + 3.2007 + 4.4074 = 18.5910.
Let us compute the upper bound in (1) : σ = 2 cos 2π
3
= −1 and g(−1) = 1
2
(−1−√1 − 4 + 8) =
−1.6818 > −1.8103.
3. Explicit formulas for the eigenvalues and the energy of L(C(a, a, . . . , a))
Here we study the line graph of the caterpillar C(a) = C(a, a, . . . , a), a  1, of diameter d.
Example 3. Consider C(4, 4, 4, 4, 4):
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Its line graph is
From Lemma 3 and its corollary, we have
Lemma 4. The Laplacian eigenvalues of C(a) are 1 with exact multiplicity (d − 1)(a − 1) and the
eigenvalues of the (2d − 2) × (2d − 2) matrix
G(a) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
A(a) F
F B(a) F
F
. . .
. . .
. . . B(a) F
F A(a)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
We search for an explicit formula for the eigenvalues of G(a). We recall that the Kronecker product
[18] of two matrices P = (pi,j) and Q = (qi,j) of sizesm × m and n × n, respectively, is defined to be
the (mn) × (mn) matrix P ⊗ Q = (pi,jQ). For matrices P,Q , R and S of appropiate sizes, we have
(P ⊗ Q)(R ⊗ S) = (PR ⊗ QS). (3)
We have
G(a) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
B(a) − F F
F B(a) F
E
. . .
. . .
. . .
. . .
. . .
F B(a) F
F B(a) − F
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
where B(a) =
⎡
⎣ 1 √a√
a a + 2
⎤
⎦. We may write
G(a) = Id−1 ⊗ B(a) + Td−1 ⊗ F,
where
Td−1 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 1
1 0
. . .
. . .
. . .
. . .
. . . 0 1
1 −1
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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of order (d − 1) × (d − 1). It is known that the eigenvalues of Td−1 [11] in increasing order are
σj = 2 cos (d − j)π
d − 1 , 1  j  d − 1. (4)
In particular, σ1 = −2. Let
Q =
[
v1 v2 · · · vd−2 vd−1
]
be a orthogonal matrix in which the columns v1, v2, . . . , vd−1 are eigenvectors of the eigenvalues
σ1, σ2, . . . , σd−1, respectively. Applying (3), we get
(Q ⊗ Id−1)G(a)(QT ⊗ Id−1) = (Q ⊗ Id−1)(Id−1 ⊗ B(a) + Td−1 ⊗ F)(QT ⊗ Id−1)
= Id−1 ⊗ B(a) + (QTd−1QT ) ⊗ F.
Moreover
(QTd−1QT ) ⊗ F =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
σ1
σ2
. . .
σd−2
σd−1
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⊗ F =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
σ1F
σ2F
. . .
σd−2F
σmF
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
Therefore
(Q ⊗ Id−1)G(a)(QT ⊗ Id−1) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
B(a) + σ1F
B(a) + σ2F
. . .
B(a) + σd−2F
B(a) + σd−1F
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
Consequently
σ(G(a)) = d−1⋃
j=1
σ
⎛
⎝
⎡
⎣ 1 √a√
a a + 2 + σj
⎤
⎦
⎞
⎠ .
Therefore
Lemma 5. The Laplacian eigenvalues of G(a) are
λj = 1
2
(
a + 3 + σj −
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1
)
and
λd−1+j = 1
2
(
a + 3 + σj +
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1
)
for j = 1, 2, . . . , d − 1, where σj is given by (4).
One can easily check that the functions
t(x) = a + 3 + x −
√
x2 + 2(a + 1)x + a2 + 6a + 1,
s(x) = a + 3 + x +
√
x2 + 2(a + 1)x + a2 + 6a + 1
are strictly increasing and that t(σ1) = t(−2) = 0. These facts togetherwith Lemmas 1, 4 and 5 imply
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Theorem 3. The eigenvalues of L(C(a)) are −1 with exact multiplicity (d − 1)(a − 1) and
μj = 1
2
(
a − 1 + σj −
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1
)
for j = 2, 3, . . . , d − 1, and
μd−1+j = 1
2
(
a − 1 + σj +
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1
)
for j = 1, 2, . . . , d − 1, where σj is given by (4). Moreover, the smallest eigenvalue and the largest
eigenvalue of L(C(a)) are
μ2 = 1
2
(
a − 1 + σ2 −
√
σ 22 + 2(a + 1)σ2 + a2 + 6a + 1
)
and
μ2d−2 = 1
2
(
a − 1 + σd−1 +
√
σ 2d−1 + 2(a + 1)σd−1 + a2 + 6a + 1
)
,
respectively.
Lemma 6. The signs of the eigenvalues of L(C(a)) are as follows
μj < 0 (2  j  d − 1)
and
μd−1+j > 0 (1  j  d − 1)
except for μd = 0 whenever a = 1.
Proof. Since σ1 = −2,
μd = 1
2
(
a − 1 − 2 +
√
4 + 2(a + 1)(−2) + a2 + 6a + 1
)
= 1
2
(
a − 3 +
√
a2 + 2a + 1
)
= a − 1  0.
Then μd > 0 except for μd = 0 whenever a = 1. The function
h(x) = 1
2
(
a − 1 + x +
√
x2 + 2(a + 1)x + a2 + 6a + 1
)
is a strictly increasing function. Hence μd−1+j > μd  0 for j = 2, 3, . . . , d − 1. Suppose that x is
such that a − 1 + x > 0. Then
a − 1 + x <
√
x2 + 2(a + 1)x + a2 + 6a + 1
if and only if
(a − 1 + x)2 < x2 + 2(a + 1)x + a2 + 6a + 1
if and only if 0 < a. Since a − 1 + σd−1 = a − 1 + 2 cos πd−1 > 0 and a > 0, we obtain μd−1 < 0.
Finally we use the fact that
k(x) = 1
2
(
a − 1 + x −
√
x2 + 2(a + 1)x + a2 + 6a + 1
)
is a strictly increasing function to obtain μj < μd−1 < 0 for j = 2, 3, . . . , d − 1. 
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We now are in condition to obtain the following formula for the line energy of C(a).
Theorem 4.
E(L(C(a))) = d(a − 1) +
d−1∑
j=2
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1, (5)
where σj is given by (4).
Proof. From Theorem 3 and Lemma 6, we have
E(L(C(a)))
= (d − 1)(a − 1) + 1
2
d−1∑
j=2
(
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1 − (a − 1 + σj)) + μd
+1
2
d−1∑
j=2
(a − 1 + σj +
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1)
= (d − 1)(a − 1) +
d−1∑
j=2
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1 + a − 1.
Thus (5) is obtained. 
4. A lower bound and an upper bound for the energy of L(C(p))
We recall the following result
Lemma 7 [6, Theorem 3.1]. Let G be a simple undirected graph. If G′ is an induced subgraph of G then
E(G′)  E(G). The equality holds if and only if G′ and G have the same edges.
Theorem 5. Let C(p) ∈ C. Let
a = min{p1, p2, . . . , pd−1}
and
b = max{p1, p2, . . . , pd−1}.
Then
d(a − 1) +
d−1∑
j=2
√
σ 2j + 2(a + 1)σj + a2 + 6a + 1
 E(L(C(p)))  d(b − 1) +
d−1∑
j=2
√
σ 2j + 2(b + 1)σj + b2 + 6b + 1, (6)
where σj is given by (4). Both equalities hold if and only if p1 = p2 = · · · = pd−1.
Proof. Let C(a) = C(a, a, . . . , a) and C(b) = C(b, b, . . . , b). Clearly L(C(a)) is an induced subgraph
of L(C(p)) and L(C(p)) is an induced subgraph of L(C(b)). From Lemma 7
E(L(C(a)))  E(L(C(p)))  E(L(C(b))).
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The equality on the left holds if and only if L(C(a)) and L(C(p)) have the same edges. Clearly, this
condition is equivalent to a = p. Similarly, the equality on the right holds if and if p = b. Finally, we
apply Theorem 4 to obtain (6). 
Example 4. For the caterpillar C(3, 2, 4), we have a = 2 and b = 4. Then
E(L(C(2, 2, 2))) < E(L(C(3, 2, 4))) < E(L(C(4, 4, 4))).
These bounds are E(L(C(2, 2, 2))) = 12.3631 and E(L(C(4, 4, 4))) = 24.8660.
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